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DYNAMICS OF INFINITE CLASSICAL ANHARMONIC
CRYSTALS
PAOLO BUTTA` AND CARLO MARCHIORO
Abstract. We consider an unbounded lattice and at each point of this lattice
an anharmonic oscillator, that interacts with its first neighborhoods via a pair
potential V and is subjected to a restoring force of potential U . We assume
that U and V are even nonnegative polynomials of degree 2σ1 and 2σ2. We
study the time evolution of this system, with a control of the growth in time of
the local energy, and we give a nontrivial bound on the velocity of propagation
of a perturbation. This is an extension to the case σ1 < 2σ2 − 1 of some
already known results obtained for σ1 ≥ 2σ2 − 1.
1. Introduction
In this paper we study the time evolution of an infinitely extended classical
anharmonic system that represents a schematic model of a crystal. Given m ∈ N
and Lk ∈ N ∪ {∞}, k = 1, . . . ,m, we consider the lattice Λ = {i = (i1, . . . , im) ∈
Z
m : |ik| ≤ Lk ∀ k = 1, . . . ,m}. At each point i ∈ Λ there is a ν-dimensional
oscillator of unitary mass that interacts with its first neighborhoods and is subjected
to a one-body force. More precisely, denoting by (qi, pi) ∈ Rν × Rν the position
and momentum of the i-th oscillator, the system evolves via the classical Newtonian
laws of motion with formal Hamiltonian,
H(q, p) =
∑
i∈Λ
{
|pi|2
2
+ U(qi) +
∑
j∈Λ:|j−i|=1
V (qi − qj)
}
,
where, for ξ ∈ Rν , U(ξ) and V (ξ) are even nonnegative polynomials of the real
variable |ξ|, of degree 2σ1 and 2σ2 (hence, with positive leading coefficients).
For finite Lk’s the dynamics is well defined by the theorem of existence and
uniqueness for systems of ordinary differential equations. A different situation arises
when some Lk = ∞. In this case, a correct choice of the phase space is crucial to
obtain a well defined time evolution. Otherwise, there are reasonable initial data
whose evolution is poorly defined, as shown by the following simple example of lack
of uniqueness. Take m = 1, i ≥ 1 (a positive one-dimensional chain), and initial
data (qi(0), pi(0)) = (0, 0) for any i ≥ 1. Of course, the chain at rest for any time is
the more natural solution, but we can exhibit another solution of the same Cauchy
problem. We fix the motion of the first oscillator as q1(t) = exp[−λt−2], λ > 0, and
choose the motion q2(t) of the second oscillator in such a way that q¨1(t) evolves
according to the equations of motion. We next choose the motion q3(t) of the third
oscillator so that also q¨2(t) evolves according to the equations of motion. We can
then proceed inductively, by obtaining an evolved state {(qi(t), pi(t))}i≥1 solution
to the equations of motion, vanishing for t → 0 but otherwise different from zero;
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hence the uniqueness fails. The reason of this pathology is that this solution grows
too fast as i → ∞. (This counterexample is similar to the well known Tikhonov’s
example of lack of uniqueness for the heat equation).
The existence of solutions for such systems has been studied in [17] for σ1 ≥
2σ2− 1 and, in general, in [19]. However, the results in these papers do not exclude
that the initial data could change very much their local energy as time goes by. A
better control of this growth, which has been proved in [8] in the case σ1 ≥ 2σ2−1,
is the principal task of the present investigation. As we will see in the next section,
this generalization needs a different approach to the problem. Our result, that we
believe interesting in itself, is a preliminary step for investigating the asymptotic
in time behavior of the system.
In this respect, in [8] a not trivial bound on the velocity of propagation of a
perturbation has been given, provided that the system be in an equilibrium state. In
the present case, in which we require only a positive σ1, noticing that the existence
of thermodynamic equilibria (i.e., the infinite volume Gibbs states) has been proved
in [2], we are able to extend the bound of [8] to this more general situation. We
refer to the next section for a precise formulation.
The system can become unbounded in one or more directions. We denote by d
the number of indexes k such that Lk = ∞, and the results strongly depend on
the value of d. Since the presence of m − d directions along which the system is
bounded is not relevant in the proofs, for the sake of notational simplicity we treat
the case m = d, i.e., Λ = Zd.
There are possible generalizations of this result. We could change the geome-
try of the lattice, for instance, by considering a lattice in which each Lk, k > 1,
is a function of i1 which diverges slowly as i1 diverges. In this case, the system
could behave as a crystal with a fractional d. Extensions to the case of not rect-
angular neither homogeneous lattices, as well as systems with finite or long-range
interactions could be equally treated.
Finally, we remark that the time evolution of infinitely extended Hamiltonian
systems has been investigated in several papers. For a short review on this topic,
see for instance the Appendix of [7].
2. Notation and statement of the result
We consider a system of anharmonic ν-dimensional oscillators in the d-dimensio-
nal lattice Zd. Denoting by qi ∈ Rν and pi ∈ Rν the position and momentum of the
oscillator located at the lattice point i ∈ Zd, the mechanical state of the system is
determined by the infinite sequence x = {xi}i∈Zd = {(qi, pi)}i∈Zd of positions and
momenta of the oscillators. We shall denote by X the set of all such possible states,
equipped with the product topology.
The time evolution t 7→ x(t) = {(qi(t), pi(t))}i∈Zd is defined by the solutions of
the following infinite set of coupled differential equations,{
q˙i(t) = pi(t) ,
p˙i(t) = Fi(x(t)) ,
i ∈ Zd , (2.1)
where the force Fi(x) induced by the configuration x = {(qi, pi)}i∈Zd on the i-th
oscillator is given by
Fi(x) = −∇U(qi)−
∑
j:|j−i|=1
∇V (qi − qj) . (2.2)
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As already detailed in the Introduction, for ξ ∈ Rν , V (ξ) and U(ξ) are even non-
negative polynomials of the real variable |ξ|, with degree 2σ1 and 2σ2. Here |i− j|
is the distance between the points i = (i1, . . . , id) and j = (j1, . . . , jd) defined by
|i− j| =
d∑
ℓ=1
|iℓ − jℓ| .
Our task is to construct the dynamics for a class of initial conditions which
is large enough to be typical for any reasonable thermodynamic equilibrium (or
nonequilibrium) state, i.e., for any Borel probability measure ω on X that satisfies
the following superstability estimate: there exists a positive constant Cω such that,
for any λ small enough,
ω
(
eλWµ,k
)
≤ eCω(2k+1)
d
∀µ ∈ Zd ∀ k ∈ N , (2.3)
with
Wµ,k(x) :=
∑
i∈Λµ,k
{
|pi|2
2
+ U(qi) + 1
}
+
∑
i,j∈Λµ,k
|j−i|=1
V (qi − qj) , (2.4)
where, for any integer k ≥ 1, Λµ,k denotes the cube of center µ and side 2k + 1.
To this purpose, it is enough to allow initial data with logarithmic divergences
in the energy. More precisely, define
Q(x) := sup
µ∈Zd
sup
k>log1/d(e+|µ|)
Wµ,k(x)
(2k + 1)d
(2.5)
and denote by X0 the following subset of X ,
X0 = {x ∈ X : Q(x) <∞} .
Then, for any λ small enough (see, e.g., [8]),
lim
N→+∞
eλN ω(Q > N) = 0 , (2.6)
which in particular yields ω(X0) = 1.
Theorem 2.1. Let σ = max{σ1;σ2} and set η := (σ − 1)/σ. If ηd < 2 there is a
one-parameter group of transformations Φt : X0 → X0, t ∈ R, such that t → Φt(x)
is the unique global solution to Eq. (2.1) with initial condition Φ0(x) = x. Moreover,
for any γ ∈ (ηd, 2) and β > 0 there is a positive constant Cγ,β such that, for any
t > 0,
Q(Φt(x)) ≤ Cγ,βQ(x)
[
1 + t2d/(2−γ)(1 + tβ)Q(x)γ/(2−γ)
]
. (2.7)
The flow is obtained as the limit of an approximating sequence, defined via the
time evolution of systems composed by a finite number of oscillators. We observe
that the condition ηd < 2 is always satisfied in dimension d = 1, 2, while it implies
σ < 3 in dimension d = 3. Moreover, this condition can be removed if σ1 ≥ 2σ2−1.
Indeed, this case can be treated as in [8, Appendix] (where the specific choice
σ1 = 2 and σ2 = 1 is detailed), via an a priori estimate on the growth in time of
the energy density for these finite systems, which allows to perform the limit. It
is worthwhile to mention that a priori energy estimates are the key ingredient also
in several results concerning the dynamics of infinitely many particles moving in a
continuum, see, e.g., [1,5,6,9,12–16]. Moreover, in the case of quasi-one-dimensional
systems, such estimates turn out to be good enough to obtain not trivial results on
the long time behavior, see, e.g., [3, 4, 10, 11].
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In the general case under consideration, an a priori bound on the energy is not
available. Indeed, the basic ingredient is an integral inequality for the local energy,
globally solvable in time and based on an estimate of the time derivative of the
local energy in term of the local energy itself. In our context, this plan works only
if σ1 ≥ 2σ2 − 1.
1 To overcome this problem, we then adopt a different strategy, by
constructing the flow as the unique limit of an infinite collection of approximating
sequences, which differ among each other for the position where the finite systems
of oscillators are located. This allows to approximate the time evolution of local
quantities with their time evolution relative to a finite system of not too large
size, and this in turn shows that the local energy of the system cannot change too
drastically in time. We remark that there is a wide region of parameters in which
both the present method and that of [8] are applicable and give slightly different
bounds. Obviously, depending on the problem to face, one uses the most useful
one.
As a corollary of Theorem 2.1, we can extend to the general case the analysis
done in [8], which provides an upper bound on the velocity of disturbances at
thermal equilibrium or, more precisely, an estimate of the size of time correlations.
Indeed, the dynamical estimates of Theorem 2.1 can be significantly improved if
the physical system is assumed at thermal equilibrium or, more generally, in any
reasonable time invariant state. This allows to deduce not trivial bounds on the
time correlations. Following [8,20], to quantify these correlations we use the Poisson
brackets of local observables, classical version of the quantal brackets used in [18].
To state precisely the result we need some preliminary definitions. Let U be
the algebra of local observables, i.e., the set of functions f : X → R such that
f(x) = fΛ(xΛ) for some bounded set Λ ⊂ Zd and some differentiable function fΛ,
depending on the finite set of real variables xΛ = {xi}i∈Λ, which is differentiable
with bounded derivative. If f ∈ U the function Φtf is defined by setting Φtf(x) =
f(Φt(x)) for any x ∈ X0. The Poisson brackets {f, g} of f, g ∈ U are defined by
{f, g}(x) =
∑
i∈Zd
[
(Dqif)
TDpig − (Dpif)
TDqig
]
(x) .
Clearly, this definition makes sense also for nonlocal functions provided the series
in the right-hand side converges.
A time invariant state ω is a probability measure on X for which (2.3) holds
and such that ω(Φtf) = ω(f) for any f ∈ U and t ∈ R. The typical example is
1To see this, let xn(t) be the time evolution of the oscillators inside the cube Λ0,n, assuming
empty boundary conditions. Then, for any Λµ,k ⊂ Λ0,n and recalling (2.4),
d
dt
Wµ,k(x
n(t)) . Wµ,k(x
n(t))
1
2︸ ︷︷ ︸
velocity
×Wµ,k+1(x
n(t))
2σ2−1
2σ︸ ︷︷ ︸
force
,
which can be shown to imply - we omit the details - that for Wn
k
(t) := max
µ:Λµ,k⊂Λ0,n
Wµ,k(x
n(t)),
Wnk (t) ≤ W
n
k (0) + C
∫ t
0
Wnk (s)
1
2
+
2σ2−1
2σ ds .
If 1
2
+ 2σ2−1
2σ
≤ 1, i.e., σ1 ≥ 2σ2 − 1, the above inequality can be solved globally in time, getting
Wnk (t) ≤ C(t)W
n
k (0) ≤ C(t)Q(x)
[
log(e + n) + (2k + 1)d
]
,
where we used (2.5), hence an a priori bound on Wn
k
(t), weakly depending on the size n of the
finite approximation.
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given by the infinite Gibbs measure obtained as the thermodynamic limit with free
boundary conditions. For the wide class of anharmonic systems considered here
(i.e., without any condition between the degrees of the one-body potential U and
the interaction V ), the existence of equilibrium states satisfying the superstability
estimate (2.3) has been proved in [2].
Given a pair of functions f, g : R2ν → R, which are differentiable with bounded
derivatives, we denote by fi, resp. gj , the local observable given by fi(x) = f(xi),
resp. gj(x) = g(xj).
Theorem 2.2. Let ω be any time invariant state satisfying (2.3). Then, for each
f, g as above, i ∈ Zd, α > (4− ηd)/(2− ηd), and b > 0,
lim
t→∞
sup
j: |i−j|>t logα t
ebt {fi,Φtgj}(x) = 0 , (2.8)
almost surely with respect to the probability measure ω.
The meaning of Theorem 2.2 is clear by noticing that an improved version of
(2.8), with |i − j| > t logα t replaced by |i − j| > ct for some c > 0, would imply
a finite velocity of propagation. On the other hand, it is not clear to us that such
improved estimate be valid for this type of observables. We rather expect that a
stronger decay of correlations should be true for suitable coarse grained versions of
the local observables.
With respect to [8], the proof of Theorem 2.2 requires minor modifications but,
for the sake of completeness, we give some details in Section 4.
It is worthwhile to observe that Theorem 2.1 covers also the important case when
the one-body interaction U is absent. But one has to keep in mind that in this case
the existence of states satisfying the superstability estimates is a delicate question.
For example, in the harmonic case, there are not Gibbs measures in dimension
d = 1, 2, and in dimension d = 3 it is not known that they satisfy (2.3).
We conclude the section with a notation warning: in the sequel, if not further
specified, we shall denote by C a generic positive constant whose numerical value
may change from line to line and from one side to the other in an inequality; it may
possibly depend only on the interactions U and V and on the dimensions d and ν.
3. Proof of Theorem 2.1
Fix an initial condition x = {xi}i∈Zd = {(qi, pi)}i∈Zd ∈ X0. The solution to Eq.
(2.1) will be obtained as the limit of a suitable approximating sequence of finite
dimensional evolutions, according to the following scheme. Given µ ∈ Zd and n ∈ N,
we call n-partial dynamics around µ the flow Φµ,nt (x) =
{
(qµ,ni (t), p
µ,n
i (t))
}
i∈Zd
such
that
(qµ,ni (t), p
µ,n
i (t)) = (qi, pi) ∀ i ∈ Z
d \ Λµ,n , (3.1)
while
{
(qµ,ni (t), p
µ,n
i (t))
}
i∈Λµ,n
is the solution to the Cauchy problem,


q˙µ,ni (t) = p
µ,n
i (t) ,
p˙µ,ni (t) = F
µ,n
i (Φ
µ,n
t (x)) ,
(qµ,ni (0), p
µ,n
i (0)) = (qi, pi) ,
(3.2)
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where, for any i ∈ Λµ,n,
Fµ,ni (x) = −∇U(qi)−
∑
j∈Λµ,n
|j−i|=1
∇V (qi − qj) . (3.3)
We remark that the global existence and uniqueness of the solution to the problem
(3.2) is guaranteed since U and V are bounded from below.
The solution Φt(x) to Eq. (2.1) will be obtained by setting
Φt(x)i = lim
n→∞
Φµ,nt (x)i ∀ i ∈ Z
d , (3.4)
provided that the limit in the right hand-side of (3.4) exists and does not depend
on µ ∈ Zd.
To prove the existence of this limit, without loss of generality we consider the
case t > 0 and define,
δµ,ni (t) = max
s∈[0,t]
∣∣qµ,n+1i (s)− qµ,ni (s)∣∣ . (3.5)
By (3.2), for any i ∈ Λµ,n,
δµ,ni (t) ≤
∫ t
0
(t− s)
∣∣Fµ,n+1i (Φµ,n+1s (x)) − Fµ,ni (Φµ,ns (x))∣∣ ds .
To estimate the difference of the forces, we use the following estimate, valid for any
regular function G : Rν → Rν ,
|G(ξ′)−G(ξ)| =
∣∣∣∣
∫ 1
0
DG(ξλ)(ξ
′ − ξ) dλ
∣∣∣∣ ≤ |ξ′ − ξ|
∫ 1
0
‖DG(ξλ)‖ dλ ,
where ξλ := λξ
′ + (1− λ)ξ, DG is the Jacobian matrix of G, and ‖A‖ denotes the
operator norm of the matrix A. By (3.3) and (3.5) we thus have, for any i ∈ Λµ,n−1,
δµ,ni (t) ≤
∫ t
0
(t− s)
[
T µ,ni (s)δ
µ,n
i (s) +
∑
j:|j−i|=1
T µ,ni,j (s)(δ
µ,n
i (s) + δ
µ,n
j (s))
]
ds , (3.6)
with
T µ,ni (s) =
∫ 1
0
∥∥D2U(λqµ,n+1i (s) + (1− λ)qµ,ni (s))∥∥ dλ ,
T µ,ni,j (s) =
∫ 1
0
∥∥D2V (λ(qµ,n+1i (s)− qµ,n+1j (s)) + (1− λ)(qµ,ni (s)− qµ,nj (s)))∥∥ dλ ,
where D2U and D2V are the Hessian matrices of U and V .
In view of the assumptions on the polynomials U and V and recalling (2.4), for
any i ∈ Λµ,n−1 and j such that |j − i| = 1 we have,
T µ,ni (s) ≤ C
(
1 + |qµ,ni (s)|
2σ1−2 + |qµ,n+1i (s)|
2σ1−2
)
≤ C
[
Wµ,n(Φ
µ,n
s (x))
(σ1−1)/σ1 +Wµ,n+1(Φ
µ,n+1
s (x))
(σ1−1)/σ1
]
≤ C
[
Wµ,n(Φ
µ,n
s (x))
η +Wµ,n+1(Φ
µ,n+1
s (x))
η
]
,
T µ,ni,j (s) ≤ C
[
1 + |qµ,ni (s)− q
µ,n
j (s)|
2σ2−2 + |qµ,n+1i (s)− q
µ,n+1
j (s)|
2σ2−2
]
≤ C
[
Wµ,n(Φ
µ,n
s (x))
(σ2−1)/σ2 +Wµ,n+1(Φ
µ,n+1
s (x))
(σ2−1)/σ2
]
≤ C
[
Wµ,n(Φ
µ,n
s (x))
η +Wµ,n+1(Φ
µ,n+1
s (x))
η
]
,
where we used the definitions σ := max{σ1;σ2}, η := (σ−1)/σ, and thatWµ,n ≥ 1.
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Because of the energy conservation law, for any n > 1 and s ∈ [0, t],
Wµ,n(Φ
µ,n
s (x)) = Wµ,n(x) , Wµ,n+1(Φ
µ,n+1
s (x)) = Wµ,n+1(x) . (3.7)
On the other hand, since k 7→Wµ,k(·) is non decreasing and using (2.5),
Wµ,n(x) ≤Wµ,n+1(x) ≤Wµ,n+1+⌊log1/d(e+|µ|)⌋(x) ≤ Cϕµ,n(x) ,
with ϕµ,n(x) := Q(x)
[
(2n+ 3)d + log(e + |µ|)
]
,
(3.8)
where ⌊a⌋ denotes the integer part of the positive number a. Plugging the above
bounds in the right-hand side of (3.6) and taking the maximum for i ∈ Λµ,k with
k < n, we finally obtain the integral inequality,
uµ,nk (t) ≤ C ϕµ,n(x)
η
∫ t
0
(t− s)uµ,nk+1(s) ds ,
where
uµ,nk (t) := maxi∈Λµ,k
δµ,ni (t) , k ≤ n .
This inequality can be solved by iteration getting, for any n > k,
uµ,nk (t) ≤
[
Cϕµ,n(x)
ηt2
]n−k
[2(n− k)]!
dµn(t) ,
where
dµn(t) = max
s∈[0,t]
max
i∈Λµ,n
(∣∣qµ,n+1i (s)− qi∣∣+ ∣∣qµ,ni (s)− qi∣∣) .
In view of (2.4), (3.7), and (3.8),
dµn(t) ≤ t max
s∈[0,t]
max
i∈Λµ,n
{∣∣pµ,n+1i (s)∣∣+ ∣∣pµ,ni (s)∣∣} ≤ Ctϕµ,n(x) 12 ,
hence, by Stirling formula,
uµ,nk (t) ≤
Cn−k t2(n−k)+1 ϕµ,n(x)
η(n−k)+ 1
2
(n− k)2(n−k)
. (3.9)
Given γ ∈ (ηd, 2) and β > 0 as in the statement of the theorem, we claim that if
n∗k = 2k +
⌊
A
(
1 + t2(1 + tβ
′
)Q(x)γ/d
)1/(2−γ)
log1/d(e + |µ|)
⌋
(3.10)
with A > 1 large enough and β′ := (2− γ)β/d, then
uµ,nk (t) ≤ 2
−(n−k) ∀n ≥ n∗k . (3.11)
To prove the claim, we first observe that if n ≥ n∗k then n ≤ 2(n− k), so that
ϕµ,n(x)
η(n−k)+ 1
2 ≤ Cn−k
{
Q(x)[(n− k)d + log(e + |µ|])
}η(n−k)+ 1
2 ∀n ≥ n∗k .
Moreover, since n∗k − k ≥ A, by choosing A large enough we have η(n − k) +
1
2 ≤
γ(n − k)/d and 2(n − k) + 1 ≤ (2 + β′)(n − k) for any n ≥ n∗k. In particular,
t2(n−k)+1 ≤ [t2(1 + tβ
′
)]n−k for any t > 0 and n ≥ n∗k. Therefore, the estimate
(3.11) follows provided that, given C > 0, we can find A large enough such that,
Ct2(1 + tβ
′
)Q(x)γ/d
(n− k)γ + logγ/d(e + |µ|)
(n− k)2
≤
1
2
∀n ≥ n∗k .
But this is true, since in view of the definition (3.10),
n− k ≥ A
(
1 + t2(1 + tβ
′
)Q(x)γ/d
)1/(2−γ)
log1/d(e + |µ|) ∀n ≥ n∗k ,
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so that
t2(1 + tβ
′
)Q(x)γ/d
(n− k)γ + logγ/d(e + |µ|)
(n− k)2
=
t2(1 + tβ
′
)Q(x)γ/d
(n− k)2−γ
+
t2(1 + tβ
′
)Q(x)γ/d logγ/d(e + |µ|)
(n− k)2
≤
1
A2−γ
+
t2(1 + tβ
′
)Q(x)γ/d
A2[1 + t2(1 + tβ′)Q(x)γ/d]2/(2−γ)
log−
2−γ
d (e + |µ|)
≤
1
A2−γ
+
1
A2
∀n ≥ n∗k .
By (3.11) we get that uµ,nk (t) is n-summable, which implies the existence of
qi(t) := limn→∞ q
µ,n
i (t) for any fixed i ∈ Z
d. To show the convergence of the
corresponding momentum pµ,ni (t) to some function pi(t) it is enough to take the
limit n→∞ in both sides of the identity,
pµ,ni (t) = pi +
∫ t
0
[
∇U(qµ,ni (s)) +
∑
j∈Λµ,n
|j−i|=1
∇V (qµ,ni (s)− q
µ,n
j (s))
]
ds ,
which in turn shows not only the existence of the limit in the right-hand side of
(3.4), but also that it is solution to (2.1).
It remains to prove that the limit Φt(x) in (3.4) is independent of the choice
of µ. To this purpose, fix µ, µ′ ∈ Zd and define, for any n large enough to have
Λµ,n ∩ Λµ′,n 6= ∅,
δµ,µ
′
i,n (t) := max
s∈[0,t]
∣∣qµ,ni (s)− qµ′,ni (s)∣∣ , i ∈ Λµ,n ∩ Λµ′,n .
By (3.2) and (3.3), for any i ∈ Λµ,n−1 ∩ Λµ′,n−1 we have (compare with (3.6)),
δµ,µ
′
i,n (t) ≤
∫ t
0
(t− s)
∣∣Fµ′,ni (Φµ′,ns (x)) − Fµ,ni (Φµ,ns (x))∣∣ ds
≤
∫ t
0
(t− s)T µ,µ
′
i,n (s)δ
µ,µ′
i,n (s) ds+
∑
j:|j−i|=1
∫ t
0
(t− s)T µ,µ
′
i,j,n(s)δ
µ,µ′
j,n (s) ds ,
where
T µ,µ
′
i,n (s) =
∫ 1
0
∥∥D2U(λqµ′,ni (s) + (1− λ)qµ,ni (s))∥∥ dλ ,
T µ,µ
′
i,j,n(s) =
∫ 1
0
∥∥D2V (λ(qµ′,ni (s)− qµ′,nj (s)) + (1− λ)(qµ,ni (s)− qµ,nj (s)))∥∥ dλ ,
that, by conservation of energy and using (2.5), are bounded by C
[
Wµ,n(x)
η +
Wµ′,n(x)
η
]
. We then apply the same iterative argument used to prove (3.9) to get
δµ,µ
′
i,n (t) ≤
Cki(n) t2ki(n) ϕµ,µ
′
n (x)
ηki(n)+
1
2
ki(n)2ki(n)
,
where ϕµ,µ
′
n (x) := Q(x)
{
(2n+1)d + log[(e + |µ|)(e + |µ′|)]
}
and ki(n) is the largest
integer k such that Λi,k,⊂ Λµ,n−1 ∩ Λµ′,n−1. Since ki(n) = n + o(1), the previous
bound implies that δ˜µ,µ
′
i,n (t) → 0 as n → +∞ for any choice of i, µ, µ
′ ∈ Zd and
t ∈ R.
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To control the growth in time of the energy, we first deduce a bound on the rate
of convergence of the partial dynamics to its limit.
By (3.11), for some constant c1 > 0,
max
i∈Λµ,k
max
s∈[0,t]
|qi(s)− q
µ,n∗k
i (s)| ≤
∑
n≥n∗k
uµ,nk (t) ≤ e
−c1n
∗
k . (3.12)
Concerning the momenta, in view of (2.2) and (3.3), for any i ∈ Λµ,k we have,
setting δq
µ,n∗k
i (s) = |q
µ,n∗k
i (s)− qi(s)|,
max
s∈[0,t]
|pi(s)− p
µ,n∗k
i (s)| ≤
∫ t
0
∣∣Fi(Φs(x))− Fµ,n∗ki (Φµ,n∗ks (x))∣∣ ds
≤ C
∫ t
0
{(
1 + |q
µ,n∗k
i (s)|
2σ1−2
)
δq
µ,n∗k
i (s)
+
∑
j:|j−i|=1
(
1 + |q
µ,n∗k
i (s)− q
µ,n∗k
j (s)|
2σ2−2
) (
δq
µ,n∗k
i (s) + δq
µ,n∗k
j (s)
)}
ds ,
where, in estimating the Lipschitz constant of the force, we used that by (3.12) the
Hessian norms of ‖D2U‖ and ‖D2V ‖ are computed in points close to qµ,ni (s) and
qµ,ni (s)− q
µ,n
j (s). By the last estimate, using again (3.12) and the definition (2.4),
we thus get,
max
s∈[0,t]
|pi(s)− p
µ,n∗k
i (s)| ≤ CtWµ,k+1(Φ
µ,n∗k
s (x))
η e−c1n
∗
k .
On the other hand,
Wµ,k+1
(
Φ
µ,n∗k
t (x)
)
≤Wµ,n∗k
(
Φ
µ,n∗k
t (x)
)
=Wµ,n∗k(x) ≤ Q(x)(2n
∗
k + 1)
d , (3.13)
where the first inequality follows since k 7→ Wµ,k(·) is non decreasing and n∗k >
k + 1, the successive equality by energy conservation, and the last inequality since
n∗k > log
1/d(e + |µ|) (recall that in (3.10) we assume A > 1). In conclusion, there
is a constant c > 0 such that, for any µ ∈ Zd and k ∈ N,
max
i∈Λµ,k
max
s∈[0,t]
|Φ
µ,n∗k
s (x)i − Φs(x)i| ≤ e
−cn∗k . (3.14)
We are now in position to prove the estimate (2.7), which in particular shows
that Φt(x) ∈ X0 for any t ∈ R. We have,
Wµ,k
(
Φt(x)
)
≤Wµ,k
(
Φ
µ,n∗k
t (x)
)
+
∣∣Wµ,k(Φt(x))−Wµ,k(Φµ,n∗kt (x))∣∣
≤Wµ,k
(
Φ
µ,n∗k
t (x)
)
+ CWµ,k
(
Φ
µ,n∗k
t (x)
)(2σ−1)/(2σ)
e−cn
∗
k
≤ Q(x)(2n∗k + 1)
d +
[
Q(x)(2n∗k + 1)
d
](2σ−1)/(2σ)
e−cn
∗
k ,
where we used (3.13) and that the Lipschitz constant of the energy is computed in
points close to Φ
µ,n∗k
t (x). By (3.10) and using that Q(x) ≥ 1, see (2.4) and (2.5),
the last display implies that if k > log1/d(e + |µ|) then
Wµ,k
(
Φt(x)
)
(2k + 1)d
≤ Q(x)
[
2 +A
(
1 + t2(1 + tβ
′
)Q(x)γ/d
)1/(2−γ)]d
+ CQ(x)(2σ−1)/(2σ)
≤ CQ(x)
[
1 +Ad + t2d/(2−γ)(1 + tβ
′d/(2−γ))Q(x)γ/(2−γ)
]
.
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Therefore, as β′ := (2 − γ)β/d, the ratio Wµ,k
(
Φt(x)
)
/(2k + 1)d is bounded from
above by the right-hand side of (2.7) for a suitable positive constant Cγ,β. The
theorem is thus proved.
4. Proof of Theorem 2.2
In this section we prove Theorem 2.2. The estimate (2.7) is too bad to prove
(2.8) for any x ∈ X0. Following [8], we instead take advantage of the time invariance
of the state ω to construct a smaller set B ⊂ X0 of full ω-measure, in which the
growth of the local energy is under control for all sufficiently large integer times
k ∈ N. The estimate (2.7) can be then fruitfully used to bound the energy during
the time intervals [k, k + 1]. As a result, we obtain a control on Q(Φt(x)) for any
x ∈ B and t ≥ 0, which is good enough to handle the correlations.
Given α > (4−ηd)/(2−ηd) as in the statement of Theorem 2.2, we fix γ ∈ (ηd, 2)
such that α > (4− γ)/(2− γ) and δ such that
1 < δ <
(α
η
−
1
2
)
(2− γ) , (4.1)
where we remark that the right-hand side is larger than 1 since, in view of the
choices of γ and α,(α
η
−
1
2
)
(2 − γ) >
(d
γ
4− γ
2− γ
−
1
2
)
(2 − γ) = 1 +
(2d− γ)(4− γ)
2γ
> 1 .
We define,
B :=
∞⋃
n=1
∞⋂
k=n
Bk , Bk :=
{
x ∈ X : Q(Φk(x)) ≤ log
δ k
}
.
Setting B∁k := X \ Bk, since ω is time invariant,
ω
(
B∁k
)
= ω
(
Q ◦ Φk > log
δ k
)
= ω
(
Q > logδ k
)
.
It follows, by (2.6), that if λ is small enough then eλ log
δ kω
(
B∁k
)
→ 0 as k → ∞.
In particular, since δ > 1,
∑
k ω
(
B∁k
)
<∞, whence ω(B) = 1 by the Borel-Cantelli
lemma.
Recalling that (qj(t), pj(t)) denotes the j-th coordinates of Φt(x), we introduce
the 2ν × 2ν Jacobian matrix given by
∆j,i(t, x) = DxiΦt(x)j =
(
Dqiqj(t) Dpiqj(t)
Dqipj(t) Dpipj(t)
)
. (4.2)
It is straightforward to verify that |{fi,Φtgj}(x)| ≤ C‖Df‖∞‖Dg‖∞
∥∥∆j,i(t, x)∥∥.
Therefore, since ω(B) = 1, Theorem 2.2 follows once we show that, for any b > 0,
lim
t→∞
sup
j : |i−j|>t logα t
ebt
∥∥∆j,i(t, x)∥∥ = 0 ∀x ∈ B . (4.3)
By (2.1), the trajectory (qj(t), pj(t)) satisfies the equation,(
qj(t)
pj(t)
)
=
(
qj + pjt
pj
)
+
∫ t
0
(
(t− s)Fj(Φs(x))
Fj(Φs(x))
)
ds ,
from which we get, recalling (2.2),
∆j,i(t, x) =
(
1 t
0 1
)
δj,i +
∑
h∈Zd
∫ t
0
Bj,h(s)
(
t− s 0
1 0
)
∆h,i(s, x) ds , (4.4)
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with
Bj,h(s) = −D
2U(qj(s))δj,h −
∑
ℓ:|ℓ−j|=1
D2V (qj(s)− qℓ(s))(δj,h − δℓ,h) . (4.5)
The integral equation (4.4) can be solved by iteration, getting
∆j,i(t, x) =
(
1 t
0 1
)
δj,i +
∞∑
n=1
∫ t
0
∫ t1
0
· · ·
∫ tn−1
0
Gj(t1, . . . , tn)
×
(
(t− t1)(t1 − t2) · · · (tn−1 − tn) 0
(t1 − t2) · · · (tn−1 − tn) 0
)(
1 tn
0 1
)
dtn · · · dt2 dt1 ,
(4.6)
where
Gj(t1, . . . , tn) =


∑
k1,...,kn
Bj,k1(t1) · · ·Bkn,i(tn) if |j − i| ≤ n,
0 otherwise.
(4.7)
From (4.5), by using (2.4), (2.5), and the hypothesis on U and V , it follows that∥∥Bk,h(s)∥∥ ≤ C[Q(Φs(x)) log(e + |k|)]η ∀ k, h ∈ Zd ∀ s ∈ R . (4.8)
The sum in (4.7) involves only sites kℓ such that |kℓ| ≤ |i| + n. Since the number
of n-step walks, starting from a given site and with the possible presence of some
permanences, is bounded by (2d+ 1)n, by (4.6) and (4.8) we have,
∥∥∆j,i(t, x)∥∥ ≤ (1 + t) ∞∑
n=|j−i|
1
(2n)!
[
Ct2 logη(e + |i|+ n) sup
0≤s≤t
Q(Φs(x))
η
]n
≤ (1 + t)
∞∑
n=|j−i|
[
Ct2 logη(e + |i|+ n)
n2
sup
0≤s≤t
Q(Φs(x))
η
]n
,
(4.9)
where we used the Stirling formula in the last inequality.
We can now prove (4.3). We fix x ∈ B and observe that, by the definition of
B, there exists a positive integer n0 = n0(x) such that Q(Φk(x)) ≤ log
δ k for any
k ≥ n0. Using (2.7), for any t > n0,
sup
0≤s≤t
Q(Φs(x)) ≤ sup
0≤s≤n0
Q(Φs(x)) + max
k=n0,...,[t]
sup
0≤s≤1
Q
(
Φs
(
Φk(x)
))
≤ Cγ,βQ(x)
[
1 + n
2d/(2−γ)
0 (1 + n
β
0 )Q(x)
γ/(2−γ)
]
+ max
k=n0,...,[t]
Cγ,βQ(Φk(x))
[
1 + 2Q(Φk(x))
γ/(2−γ)
]
,
whence, for t0 = t0(x) sufficiently large,
sup
0≤s≤t
Q(Φs(x)) ≤ 3Cγ,β(log t)
2δ/(2−γ) ∀ t ≥ t0 .
By (4.9) we thus obtain that, for any t large enough,
∥∥∆j,i(t, x)∥∥ ≤ (1 + t) ∞∑
n=|j−i|
[
CCγ,βt
2 logη(e + |i|+ n)(log t)2δη/(2−γ)
n2
]n
. (4.10)
Since the parameter δ satisfies the upper bound in (4.1), the ratio in the square
brackets in the series vanishes as t→∞ for any n ≥ t logα t. Therefore, we can find
t1 ≥ t0 such that if |j − i| > t log
α t then the right-hand side in (4.10) is bounded
by C exp
{
− t logα t
}
for any t ≥ t1. The limit (4.3) is thus proved.
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